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1 Introduction

Several ITHPs have been well studied (Ashyralyev et al., 2003; Ashyralyev & Fattorini, 1992;
Kal'menov & Sadybekov, 2017), and the literatures provided therein. The study of identification
problems (IPs) for partial differential equation (PDE) play a significant role in engineering and
applied sciences (Isakov, 2006; Kabanikhin & Krivorotko, 2015; Prilepko et al., 2000), and the
resources provided therein). IPs for PDEs have been investigated (Ashyralyyev, 2014; Borukhov
& Vabishchevich, 2000; Choulli & Yamamoto, 1999; Samarskii & Vabishchevich, 2008). The
stability of the (IPs) in different formulations with several types of overdetermined conditions
for hyperbolic and telegraph equations were considered (Ashyralyev & Cekig, 2015; Ashyralyev &
Emharab, 2019; Isgandarova, 2015; Kozhanov & Safiullova, 2010; Kozhanov & Safiullova , 2017;
Kozhanov & Telesheva, 2017; Sabitov & Yunusova, 2012 and the literatures given therein). For
the coefficients and solutions of PDEs several representations were presented (Anikonov, 1995;
Anikonov, 1996; Anikonov & Neshchadim, 2011). They present such formulas for linear and
nonlinear parabolic and hyperbolic differential problems (DPs). Finally, the authors (Grasselli et
al., 1990; Grasselli et al., 1992; Grasselli, 1992) have been proposed significant examples for real
applications of IHPs. Moreover, applications of IHPs can be study of physical phenomena like,
e.g., viscoelasticity, electromagnetic wave propagation and heat conduction (Gurtin& Sternberg,
1962; Findly et al., 1976; Rabotnov, 1980; Renardy et al., 1987; Ben-Menahem & Singh, 2012;
Gurtin & Pipkin, 1968).
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In this work, we study the IHP with the desired functions v and p

Utt( z) — (a(z) ug(t, ), + du(t, )

pt)o(z)+ f(t,z),0<z<,0<t<T,

( 0) =u(t,l),uz (1,0) = uaz (£,1),0 <t < T, (1)
( z) =9 (@), u(0,2) =9 (x),0<z <,

Jyulta)dr=w(t),0<t<T.
Here o (z),w (t),¢ (z) ¥ (x) and f(t,x) are given smooth functions. Suppose that

a(z)>a>0,a(l)=a(0),0 >0,

l
[ rwan#0.00)=0.0'0) = . 2)

The main aim of the present paper is to investigate the well-posedness of THP (1) and con-
struct absolute stable DSs for the numerical solution of the DP. The theorem on well-posedness
of IHP (1) is established. The construction and investigation of absolute stable DSs for lin-
ear IHPs is important with different aspects: to study convergence of DSs and to consider the
nonlinear DP(without Courant’s conditions). It is our motivation for studying such type of
problem. We present a new DS for approximate solution of inverse problem (1). As you see, it
is an ill-posed problem. There are no such type of investigations in literature. For the numerical
solution of THP (1) a new absolute stable two-step DS is constructed. The theorem on stability
estimates for the solution of this DS is proved. Moreover, the proof of the theorem is not based
on classical tools of proof on stability of DSs. Numerical results are provided. Summarizing
considered numerical experiment, we can conclude that all the theoretical statements of the
previous sections can be verified.

2  Well-posedness of THP(1)

Let C(H) = C(][0,7],H) be a Banach space of all abstract continuous functions v (y) € H
determined on [0, 7] equipped with the norm

ol = e, llo ()l

Let L3 [0, 1] be the space of all square integrable functions w (z) defined on [0,1] and W% [0,1], k =
1,2 be Sobolev spaces equipped with norms

o = ( | W (2) dz>5 ,
kuwg[o,l] = </0l [w? (2) + wZ (2)] dz)é )
lwllwzpo, = </Ol [w? (2) + w2, (2)] d2>; ;

respectively. We consider the second order differential operator A determined by

Av = — (a(x) vz(x)), + dv(x) (3)
in Ly [0,] with domain D (A) = {v : v,v"” € L2 [0,1],v(0) = v (I),v" (0) =o' (1)} dense in Ly [0, I].
It is clear that A is the positive-definite self-adjoint operator(PDSAO) in Lg [0, ] .

In the present paper, we will introduce the notation M (d,0,...) to stress the fact that the
constant depends only on §, o, ..., which may differ in time and thus is not a subject of precision.
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Theorem 1. Let p € W2[0,1] and € Wi[0,1]. Suppose that f, f; € C (L [0,1]) and w,w"” €
C[0,T). Then the IHP has a unique solution (u,p) € C (L2 [0,1]) xC[0,T].

Proof. Assume that w (¢, x) be the solution of the initial-nonlocal boundary value DP

wy (%) — (a (z) we (£, 7)), + ow(t, x)

= f(t2) +pu(t)[(a(z) 0w (7)), — b0 (z)],

0<z<l,0<t<T, (4)
w (t,0) = w (t,1) ,wy (t,0) = wy (¢,1),0 <t < T,

w(0,z) = ¢ (x),w (0,2) =1 (2),0 <z <

and p (t) be the function determining by

ut) = /0 (t— 2)p (=) dz, 1 (0) = 4 (0) = 0. (5)
Then,

u(t,z) =w(t,z)+p(t)o(z). (6)

Using the integral condition in (1) and formula (6), we can obtain

1 ! !
u(t):(w(t)—/w(t,p)dp>,Q=/0(p)dp~ (7)
Q 0 0
Since p (t) = p”’ (t), we obtain
1 !
p(t) == <w” (t) —/ wyt (t,p) dp> : ()
Q 0
Therefore, the following theorem will be complete the proof of Theorem 1. O

Theorem 2. Under assumptions of Theorem 1, the initial-boundary value DP (4) has a unique
solution w € C (L2 [0,1]) .

Proof. The DP (4) is equivalent to the integral equation

w(t,z) = c(t) o (z) +s(t) Y (z) (9)

i sl L (we - [ ) Ag@ b
/0 { Q 0

in C[0,T] x C[0,1]. Here, c(t) and s(t) are operator-functions generated by the operator A and
defined by formulas
QAT | it

c(t)yu = — s(t)u _/0 c(y)udy. (10)

Let us give estimates (see, Ashyralyev & Fattorini, 1992) that will be needed below

_1 _1
[A72 Ly j0,0—Laf0) < 672, [[8(E)ILyf0,=Lof0 < 1,

1
le()ILafo,—Laf0 < 15 1A28(E)]Ly0,0—L200, < 1- (11)

Then, the recursive formula for the solution of DP (4) is defined by
wj(t,z) = c(t) ¢ () + 5 (1) ¢ (x) (12)
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i st e oo - [ wa ) @) i
fee-aien-gleo- |

wo(t,x) = c(t) p(x) +s@t) Y (x),j = 1.
Therefore,

oo
w(t,x) =wo (t,z) + Z (wit1 ( —w; (t,z)) .
=0
Applying estimates (11), we can obtain
[[wo (¢, ‘)H]LQ[O,Z] < H‘P”Lg[o,l] +T ||1/’||L2[0,l} = Moy
for every ¢t € [0,7]. Applying formula (12), we get

wy (¢, x) — wol(t, )

il oo - [ e Ag@) ds.
fre-n{ren-g(o- ]

wjy1(t, ) —w;(t,x)

t ey — w1 (2
:/ S(t—Z){fO (w](z7p) Q] 1( 7p))dpAQ(ZL')}dZ,] > 9.
0

Applying estimates (11), we can get

{Aéf(z,.>_ ; (w<z>—/olw<z,p>dp) A%q<->}

{ﬂg@ x £ (2 ) lLyp0y

o (6.) = ot o < [

}t < Mt,
L2[0,]

{fé w]'(z,p) — Wj—-1 (va) dpA%O' (.75)}

1
g g o )1+ VE s, (2 ) 420 )

dz
L2[0,])

lwja(t, ) = w0, <

Q

<o Y ate [ / sz, ) — w512, Ml o 2

S KI/O ij(z, ) — wj_l(z7 .)”]LQ[OJ] dz,j Z 2

for every ¢t € [0,T]. Applying the triangle inequality, we can obtain
[Jwr (£, )] Loy < Mo+ Mt

for any t € [0,7]. Moreover,
t
[[wa (&, ) — w1 (& )l < Kl/o lwi(z, ) —wo(z, )Ly 42
< KlM/ zdz = Kle
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for every t € [0,T]. Let

M (Kit)
o (¢7) = i1 (6 )00 < 77—

for any t € [0,7]. Then, we have that

t
lwjgr (£,-) = ws (& M, < Kl/o lw;(z, ) —wj—1(z, )y, 0, 92

<K /t M (Klz)j M (Kqty ™
=5y Ko g T KL G+ 1)

for any ¢ € [0,T]. Therefore, using the mathematical induction

M (Kt)’t
lwjtr (t,-) —wj (¢, -)HLQ[OJ] > K W
and »
M Kt M (Kt)?
j : <My+ ——+ ..+ —
Feis 6l oy = Mo+ 3oy + o K o)

for all t € [0,T] and j, j > 2. Applying formula (13) and these estimates, we get

o (8 Mo < o ()], +Z||wz+1 )= wi () 00

M (K t)™ M g,
<M U < My + et
O+ZK Grip ST Ee

for any ¢t € [0, T] which proves the existence of a bounded solution of DP (4) in C (Lg [0,]).
Now, we will prove uniqueness of solution of problem (4). Suppose that there is a second bounded
solution v(t,z) of (DP) (4) and v(t,x) # w(t,x). We put r(t,z) = v(t,z) — w(t, z). Therefore,

we have that l
t
it = [ o) DD 45 g,

for z(t,x). Applying estimates (11), we get

M[Ol]/ I (y, - ||1L2[01

¢
§K1/0 |’7'(ya‘)HLg[o,l] dy

for any ¢t € [0, T]. Therefore, using the integral inequality, we get

I ) eapon < 1 e

(¢, ')HLQ[O,Z] <0

for any ¢ € [0,7] and r(t,2) = 0 which proves the uniqueness of a bounded solution of DP (4)
in C (LQ [O, l])
Finally, taking the first and second order derivatives of (9) with respect to ¢, we can obtain

w (t,x) = =5 (1) Ap (2) + ¢ () P (2)

+/Otc(t—y){f(y,:v) - 22 <w(y) —/Olw(y,p)dp> Aa(ﬂf)}dy,
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wy (t,x) = —c (1) Ap (x) — A2s () A2 ()

re {s 0.0~ 5 (w0~ o) ) A0 (@)}

+ tC(t—y) fy(y,%)—l W' (y) — lwy(y,p)dp Ao (x) ¢ dy.
fret-nfnoma-g(sw-

Therefore, under assumptions of Theorem 1 and w € C(L2[0,1]) they follow wy, wy, Aw €
C (L2 [0,1]) . Theorem 2 is established. O

Now, let us state the stability result.

Theorem 3. Assume that the assumptions of Theorem 1 hold. The solution of IHP (1) obeys
the stability estimate:

[uttllewaron) + l1ullewsog) + I1Pllepm (14)
< M (5,0) 19l + 1¥lhwgioq + 17 0, o
+ 1fell oo + Hw”HC[O,TJ :
Proof. Applying formula (8) and @ # 0, we get the estimate
p(®)] < Mi (6,0) || (O] + lwnllceapon] (15)
for every ¢,t € [0,7] and

HPHC[O,T] < M (6,0) [HWHH(C[QT] + ||wtt||(c(]142[o,l])} . (16)

Now, applying formula (6), we can write

ug (t,x) = wy (t,z) +p(t) o (x).

By the triangle inequality, this formula yields us

st ooy S lwetllowspn + 1Plciom ol - (17)

Then, the proof of estimate (14) is based on equation (1), estimates (16), (17) and on the
following stability estimate

oo < Mo(@,a) [Iellmzon + ¥llyor (18)
L (0 )y, + Iellcapo,) + HM,H@[O,TJ .
It is clear that the mixed DP (4) can be written as the initial value problem
wie(t) + Aw (t) + p (£) Ao = f (£) £ € (0,T);w (0) = p,w' (0) = ¢ (19)

in a Hilbert space H = Ly [0, ] with the PDSAO A determining by (3). Therefore, applying the
results of Lemma 2.2 in (Ashyralyev & Emharab, 2019), we can obtain the following stability
estimate

ol < 4@l + A3+ 1£ )l (20)
t
T fill gy + Ma(o. 9) /O " (2)| d=
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for any ¢t € [0,T]. Then, applying estimates (15), (20), and the integral inequality, we conclude
that the following stability estimate

”wttH]Lg[O,l] < My(o,9) {H<PHW§[0,Z] + H¢HW§[0,I] + [1£(0, ')H]Lg[o,l]

+T ||ft||<C(L2[o,z]) + Hw"HC[O’T}} eM2(8,0)M3(8,0)

is satisfied for the solution of DP (4) for every ¢,t € [0,7]. Estimate (18) is proved. Theorem 3
is established. O

3 The absolute stable two-step DS. Well-posedness

To state our results, we consider a normed space C, (H) = C([0,T7].,H) of all abstract mesh
functions f7 = {f (tm)}é(zo with values in H defined on the uniform mesh space

0,7 ={ty,=mr,m=0,1,....K,Kt=T},7>0

equipped with the norm

15 ey = e 1F (bl

Let Loy, = L2 [0,(],and W’;h = W5[0,1],,p = 1,2 be normed spaces of all mesh functions
vP (z) = {v;} 2, defined on the uniform mesh space

[0,1), = {z; = ih,i = 0,1,..., M, Mh =1},

equipped with norms

1
72 (Vig1 — 20; + vi—1)

M M-1 2 3
thH =Y S ny o
Wan i=0 i=1

respectively. We denote the second order difference operator A, determined by formula

1 M-—1
A" (2) = {15 (et (o = ) = (= 1))+ 55m | (21)

m=1

acting in the space of grid functions ¢" (z) satisfying the nonlocal conditions ¢o = s, 1 —po =
om — em—1- Here ay, = a(xy,) for 0 < m < M. It is clear that A is the PDSAO in Lyy,.
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We present the first order of accuracy absolute stable two-step DS
712 (uffl —2uk + uf’fl) - # (an+1 (uﬁiﬁ - uﬁ+1> —ap (uf‘fl — uﬁ‘ﬂ))
+6ubtt = proy 4 f (tr, o)  te = kT, 2, = nh,

1<k<K-11<n<M-—1,

k! kbl bl kel N I Py P ]

:UM ,ul :uM _uM—l’
0 1 1 0
up = @ (@n), ~ (up =) = ¥ () , 0 < < M,

SMA U = 0 (b)), -1 < k< K —1

i=1 i
for the numerical solution of the THP (1). Suppose that
M-1

Qn = § oih # 0,00 =0p,01 — 00 = 0p — OM—1-
i1

Now, let us investigate the stability of DS (22).
Theorem 4. The solution of DS (22) satisfies the stability estimate:

1 h h h h K-l
7 (ki =2 ) {uhr}
H{Tz (“k+1 Ug + Uy } Uktif,

<o | s
-

1 N N K-1
{T (fk _fkl)}kzz -
T\1L2h

where f,? (x) = {f(tk,xn)}i‘fzo,l <k<K-1.
Proof. Denoted as

K-1

il

k=1 C- (W3,

h
+
W3, Wi, Lap

K-1
+

1
{72 (Wht1 — 2wy, + wk1)}

k=1

C,

k k
Uy, = Wy, + [kOn,

where {,uk}kK:O is the grid function determined by

i1 =Y (k—i)pip1m> 1<k <K —1pu0=p =0

%

e
—

I
o

M
and {{wﬁ}szo} . is the grid function determined as the solution of DS

n=»

(

k1 ktl k41 kt1
1 k+1 k k—1 1 Wy 41~ Wn Wn — —W,_q k+1
2 (wn+ — 2w, + wy, ) T h <an+1 e h —an h " > 6wn+

= f (tk, Tn) + Mit172 (@1 (Ong1 — 0) — an (0n — 0ne1) — 0h%0y]
1<k<K-1,1<n<M-1,

k+1 k+1 | k+1 k+1 k+1 k+1
wO+ :w]\/;r ,wl+ —w0+ zwj\jr —w]‘j[l,—lgkgK—l,

L w® = (zn),w) =@ (x,) + 79 (2,),0 <0 < M.
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M 1 k+1h

Applying the overdetermined condition ) ;= = w (tg4+1) and substitution ( 24), one can

obtain that

ML= o (wk+1 Z wth) (27)

Using formulas pj, = % and (27), we obtain

1

Pm = 5~
" r2Q,

M-—1
<wm+1 — 2w + Wime1 — Z (w;"Jrl — 2w + w%"il) h) .
i=1

Then, applying the Cauchy—Schwartz inequality, we can write

1
ﬁ( Wiy 1 2w +w

.

1
ﬁ (Wm—i-l — 2w + Wm—l)

[Pl < M <a>[ )| ] (28)

for every 1 < m < K — 1. Therefore,

K-1

H{Pk}sz_fHCT < Mg (0) H {:2 (Wrt1 — 2wk + wkl)} (29)

1
{7_2 <w£§+1 — QwZ + wZ_1>}

Now, using substitution (24), we get

k=1
Cr

K-1
+

k=1 C- (]l‘2h)

1 K-1\M
{{2 (uf“ 2ul 4+ uf 1)} } (30)
" ==l 1)
1 K-1\M
< {{Q(Wfﬂ—?w +w 1)} }
T k=1 } .o CoLan)
R (3T [ M

Therefore, the proof of estimate (23) is based on equation (22), on estimates (29), (30) and

1 K-1
{5 (ot -2t ) o
k=1 (CT(LQh)
h h h
<@ [, 1], + 1471,
Vi K-1 1 K-1
{T (fk _fk—l)} + {7_2(0%—1—1—20%"“*%—1)}
F=2 e (Lan) F=tle,
for the solution of DS (26).
It is clear that DS (26) can be written as the abstract DS
%2 (W1 — 2wg + wi—1) + Awgp1 + pipr1Ao = fi, (32)
1<kE<K-1w =p,w=p+T19
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in a Hilbert space H = Ly, with the PDSAO A;, defined by (21).
Therefore, using the results of Lemma 3.2 in (Ashyralyev & Emharab, 2019), we get the following

stability estimate

1

.
K—1

{i(fk — fi— 1)}
k=2

forevery 1 <k < K — 1.
Then, applying estimates (28), (33), and the difference analogue of Gronwall’s inequality, we

conclude that for the solution DS (26) the following stability estimate

< ol )( G {MS [HS" ngh+H¢hHw;h]

My (o) M

1
= 2wt we| < Aglly + b+ Al (33)

H

k
+2
) s=1

ratel,

1
ﬁ (:uerl —2pus + stl)

C(H

1
h h h
2wk+1 — ka + wk_l

‘ T

Lop

{ )},
)

+M9 (O')M(-_; (O’)T

+Hff‘

+T
o Cr(Lap)

Mg (o) Mg (o)
% } (k=1)7 = Mg (o) Mg(o)T

1
{2 (Wrt1 — 2w + w
T k=1

holds for every 1 < k < K — 1.Estimate (31) is proved. Theorem 2 is established.

4  Numerical Results

We will consider the IHP with the exact solution (u,p) = (e (1 + sin2z), e ?")

Uge — Ugy — 4p (t) (1 + sin 22) = 4e~ 2! sin 2z,

O<z<m 0<t<l,

w(t,0) =wu(t,m),us (t,0) =uy (t,m), 0<t <1, (34)
u(0,z) =1+sin2z, u; (0,2) = —2(1+sin2z), 0 <z <,

fo (t,z)dr =me~ t,()gtgl.

Applying DS (22) for DP (34) and formula (21), we get the following DS
%2 (uﬁn+1 — o+ u%fl) th (ufnill — ot ¢ u]Jrl ) —4p; (1 +sin2zy,)

= 4e2ti+1 sin 2z, tj = j7, Ty = mh,

I<j<SK-1,1<m<M-1, (35)
g T = i 1< <K -1

ud, =1+ sin 2z,  (u), —uo)——2(1+sin2xm), 0<m< M,

me i1 = Zf\fll ]+1h 1<j<K-1.

For obtaining the solution of IP (35), we will apply the following substitution
wl, = wl 4+ 4p; (1 +sin22,,),0<j < K,0<m < M, (36)

where
1 M-1
i1 = y ( e 2ti+1 _ Z wjJrl ) Z (1 +sin2z;) h (37)
=1
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K M
for every —1 < j < K—1 and {{wﬂ } ‘ 0} be the mesh function determined as the solution
]:

m=0
of DS - o
wit 2wl +wi ! o win+1*2wgn +wl oy
7-2 h2
1 M—1_ j+1 . 2
+3 (Zizl w; h) sin 2., 73 (cos 2h — 1)

= |A-m(cos2h — 1) + 2} 2 2ti+1 sin 2y,
[th ( ) (38)

1<j<K-1,1<m<M-1,

j+1 j+1 j+1 j+1 j+1 j+1 .
w% :w}v[ ,w] —wé :wg\/[ —wg\/[_l,—léjéK—l,
wh, =14 8in 22, £ (wh, —wl,) = —2(1 +sin2zy,),0 < m < M.

Here and in future p = Zf‘ifl (14 sin2x;) h, Therefore, solution of IHP (35) contains three
stages. At the first stage, we find the solution of DS (38). For obtaining it, we write DS (38) in
matrix form as the second order difference problem

Awtt + Buwd + Cuwl=' = fI1<j< K —1,
0_ - Mg 0 (39)
w® = {1 +sin2z,,},, o, w =(1-27)w",
where
[ 1 0 0 : 0 —17
b a+c b+c - 1 0
A 0 b+c atcy - c2 0 ’
0 cy-1 cmu— a+cy-1 b
-1 1 0 1 -1
- = (M41)x(M+1)
0 0 0 [0 0 0 0
0 e 00 0 g 00
B = C = . s
00 e 0 00 g 0
0 0 00 -0
(M+1)x (M+1) - (M+41)x (M+1)
0. w(s) T
, A wj
=1 - w® = . , for s=74,7+1.
f]]\/[71 wqu
S
(M+1)x1 U (M+1)x1
Here,
1 2 1 2(cos2h —1) .
a:ﬁ—i_ﬁ’b:_ﬁ’cm:ihd sin 22,
M—1 9
d= 1 (1+sin2xi)h,e:—ﬁ,g:§,
1=

: 1
g = [thQw(cos 2h — 1) + 2| 2e7 24+ sin 27,
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1<j<K-1,1<m<M-1.

Then, we have the second order difference problem (39) in j with matrix coefficients. Since
w'and w'are provided, we get

K M
{{wfn} 0} by (39). Then, using (25), we get
J:

m=0
1 .
pj:ﬁ(ﬂj+1_2ﬂj+ﬂjfl)71§]§K—1- (40)
We will obtain {p]} by formulas (37) and (40) on the second stage. We can obtain

K M
{{uﬁn} 0} by formulas (36) and (37) in the third stage. The errors between the exact
I=V ) m=0

solution (u,p) of (34) at (¢;,z,,) and approximate solution (ui'n,p]) of DS (35) are computed
by

1
2
—m(z u(ty0 uznfh) 7 (1)

Ep= max  [p(t) = psl-

Now, let us give the obtained numerical results.

Table 1: Numerical results

Errors/N =M 20 40 80 160
E, 0.0560 0.0289 0.0147 0.0074
E, 0.0476 0.0244 0.0123 0.0062

The obtained results show that if N and M are doubled, the value of errors of solution of
the DS (35) decreases by a factor of approximately 1/2 (see Table 1 up). Moreover, in Figures
1, 2 and 3 below, plots for errors of w and p that decrease by a factor of approxmlately for
different values of the steps, respectively.

Nel=20 NeM=40
o003

NeM=BO ;0% NeM=160

NS , N b4

0 0
0 01 02 03 04 05 08 07 08 08 1 0 o1 02 03 04 05 08 07 08 09 1
t t

Figure 1: Graphs for errors of u in t.
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NeM=40

Nel=20

0015

NeM=160

NeM=BO

Figure 2: Graphs for errors of u in x.

Nem=40

NeM=20

NeM=160

N=M=B0.

0012 fp

0008

Figure 3: Graphs for errors of p in t.

5 Conclusion

In the present paper, the time-dependent identification problem for hyperbolic equation with

periodic nonlocal conditions is studied. Applying a new version of a operator approach, we
establish the well-posedness of the differential problem. A new absolute stable difference scheme
for the approximate solution of this problem is constructed. The well-posedness of this difference

scheme is established. Numerical test is given.
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